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Abstract
In this work we have used the homotopy analysis method (HAM) to obtain solution of
fuzzy integro-diﬀerential equation (FIDE) under Hukuhara diﬀerentiability. In this paper
for ﬁrst time, ~-mesh curve introduced for solving FIDE. Also some examples illustrate
high eﬃciency and precision of HAM.
Keywords : Fuzzy number; Integro-diﬀerential equation; Homotopy analysis method.
1 Introduction
Concept of fuzzy which ﬁrstly introduced by Zadeh [25] leads to deﬁnition of the fuzzy
number and its implementation in various problems for example fuzzy linear systems
[1, 13, 15], fuzzy diﬀerential equations [2, 9, 16], fuzzy integral equations [4, 10, 14] and
fuzzy integro-diﬀerential equations [17, 18, 22]. Integro-diﬀerential equations in fuzzy set-
ting are a natural way to model uncertainty of dynamical systems. On the other hand,
integro-diﬀerential equations in crisp sense has been studied by some numerical methods
that can be found in [11, 23, 21, 26] for example.
We study the solution of fuzzy integro-diﬀerential equations in parametric form by homo-
topy analysis method (HAM) [8, 19, 20] that is analytic approach to get series solutions
of various types of linear and nonlinear equations. Recently Abbasbandy, et al. found the
solution of Kawahara equation [5], generalized Zakharov equation [3], MHD Falkne-Skan
ﬂow [6] and nonlinear boundary value problems [7].
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The outline of paper is as follows: in Section 2 we present preliminaries and needed no-
tations and fuzzy integro-diﬀerential equations. In Section 3 we introduce the homotopy
analysis method applied for FIDEs and its convergency has been studied. Section 4 deals
with the illustrative examples which shows the eﬃciency and power of applied technique
for FIDEs. The conclusion is presented in Section 5.
2 Preliminaries and notations
Firstly we recall a deﬁnition and theorem that is necessary in the proof of HAM for FIDEs.
Let (X,M,µ) be a measure space, we deﬁne L+ as the space of all measurable functions
from X to [0,1].
Denition 2.1. [24] A sequence {fn} of real-valued functions is said to converge uniformly
on X to a function f if for each ϵ > 0 there exist some n0 (depending only upon ϵ) such
that |fn(x) − f(x)| < ϵ for all n ≥ n0 and all x ∈ X.
Theorem 2.1. [12] If {fn}∞
0 ⊂ L+ and
∑∞
n=0 fn be converge uniformly to f, then
∫
fdµ = ∑∞
n=0
∫
fndµ.
Then, we recall the basic notations of fuzzy number arithmetic and fuzzy linear system.
Throughout this paper, R stands for the set of all real numbers and E presents the set of
fuzzy numbers.
Denition 2.2. [13, 15] A fuzzy number in parametric form is an ordered pair of functions
(u(r),u(r)), 0 ≤ r ≤ 1 which satisfy the following requirements:
1. u(r) is a bounded left continuous non-decreasing function over [0,1];
2. u(r) is a bounded left continuous non-increasing function over [0,1];
3. u(r) ≤ u(r), 0 ≤ r ≤ 1.
Remark 2.1. [4] Let u(r) = (u(r),u(r)), 0 ≤ r ≤ 1 be a fuzzy number, we take
uc(r) =
u(r) + u(r)
2
, ud(r) =
u(r) − u(r)
2
.
It is clear that ud(r) ≥ 0 and u(r) = uc(r) − ud(r) and u(r) = uc(r) + ud(r), also a
fuzzy number u ∈ E is said symmetric if uc(r) is independent of r for all 0 ≤ r ≤ 1.
Remark 2.2. [4] Let u(r) = (u(r),u(r)), v(r) = (v(r),v(r)) and also k, s are arbitrary
real numbers. If w = ku + sv then
wc(r) = kuc(r) + svc(r), wd(r) = |k|ud(r) + |s|vd(r).
Denition 2.3. [14] For arbitrary fuzzy numbers u,v ∈ E, we use the distance
D(u,v) = sup
0≤r≤1
[max{|u(r) − v(r)|,|u(r) − v(r)|}]
and it is shown that (E,D) is a complete metric space.
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Remark 2.3. [4] Clearly from Remark 2.1 we have
|u(r) − v(r)| ≤ |uc(r) − vc(r)| + |ud(r) − vd(r)|,
|u(r) − v(r)| ≤ |uc(r) − vc(r)| + |ud(r) − vd(r)|,
hence for all r ∈ [0,1]
max{|u(r) − v(r)|,|u(r) − v(r)|} ≤ |uc(r) − vc(r)| + |ud(r) − vd(r)|
and then
D(u,v) ≤ sup
0≤r≤1
{|uc(r) − vc(r)| + |ud(r) − vd(r)|}.
Therefore if |uc(r)−vc(r)| and |ud(r)−vd(r)| tends to zero then D(u,v) tends to zero.
Denition 2.4. [4] Let f : [a,b] → E, for each partition P = {t0,...,tn} of [a,b] and for
arbitrary ξi ∈ [ti−1,ti], 1 ≤ i ≤ n suppose
RP =
n ∑
i=1
f(ξi)(ti − ti−1),
∆ := max{|ti − ti−1|,i = 1,...,n}.
The deﬁnite integral of f(t) over [a,b] is
∫ b
a
f(t)dt = lim
∆→0
RP,
provided that this limit exists in the metric D.
If the fuzzy function f(t) is continuous in the metric D, its deﬁnite integral exists [14].
Also
(
∫ b
a
f(t;r)dt) =
∫ b
a
f(t;r)dt,
(
∫ b
a
f(t;r)dt) =
∫ b
a
f(t;r)dt.
Denition 2.5. [14] Let f : R → E be a fuzzy function (where E is a subset of a Banach
space) and let t0 ∈ R. The derivative f′(t0) of f at the point to is deﬁned by
f′(t0) = lim
h→0+
f(t0 + h) − f(t0)
h
, (2.1)
provided that this limit taken with respect to the metric D, exists and h > 0 be suﬃciently
small parameter .
The elements f(t0 + h) and f(t0) in (2.1) are in Banach space B = C[0,1] × C[0,1].
Thus, if we suppose f(t0 + h) = (a,a) and f(t0) = (b,b) then
f(t0 + h) − f(t0) = (a − b,a − b).
In parametric form if f = (f,f), then f′(t0) = (f′(t0),f′(t0)), where f′ and f′ are the
classic derivatives of f and f, respectively. Obviously [f(t0 + h) − f(t0)]/h is not a fuzzy
number for all h, but if it approaches f′(t0) (in B) and f′(t0) is a fuzzy number (i.e., in
E), this number is the fuzzy derivative of f(t) at t0, also if   f′(t0) = (f′(t0),f′(t0)) be a
fuzzy number, then we call   f′(t0) as the weak fuzzy derivative, otherwise the problem has
no any fuzzy solution in this sense.
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2.1 Fuzzy integro-diﬀerential equation
In this section we consider the integro-diﬀerential equation
u′(t) + u(t) + λ
∫ T
0
k(s,t)u(s)ds = g(t), k(s,t) ∈ C([0,T]2), t ∈ [0,T], λ ∈ R, (2.2)
with initial condition u0(0) = α0, in the fuzzy case, i.e. u and g be fuzzy functions and
the sign of k(s,t) doesn’t change in [0,T]. Let
u(t,r) = (u(t,r),u(t,r)) g(t,r) = (g(t,r),g(t,r)),
and
∂
∂t
u(t,r) = (
∂
∂t
u(t,r),
∂
∂t
u(t,r))
∂
∂t
g(t,r) = (
∂
∂t
g(t,r),
∂
∂t
g(t,r)),
where all derivatives are with respect to t, be fuzzy functions. Therefore, we have
the related fuzzy integro-diﬀerential equation of (2.2) with initial conditions u(0,r) =
(α0(r),α1(r)).
Similar to Remark 2.1, let
uc(t,r) =
u(t,r) + u(t,r)
2
, ud(t,r) =
u(t,r) − u(t,r)
2
, (2.3)
then the fuzzy version of (2.2) can be written as



@
@tuc(t,r) + uc(t,r) + λ
∫ T
0 k(s,t)uc(s,r)ds = gc(t,r),
@
@tud(t,r) + ud(t,r) + λ
∫ T
0 |k(s,t)|ud(s,r)ds = gd(t,r),
(2.4)
and 


uc(0,r) =
u(0;r)+u(0;r)
2 = 0+1
2 ,
ud(0,r) =
u(0;r)−u(0;r)
2 = 1−0
2 .
(2.5)
3 Homotopy analysis method (HAM)
In this section, we shall describe the solution approaches based on HAM for fuzzy integro-
diﬀerential equations. For this, we consider the ﬁrst equation of (2.4) namely we apply
HAM for ﬁnding uc(t,r), and second equation approach is similar to the ﬁrst one.
Consider
∂
∂t
uc(t,r) + uc(t,r) + λ
∫ T
0
k(s,t)uc(s,r)ds = gc(t,r), (3.6)
with initial condition uc(0,r). We ﬁrst construct the zero-order deformation equation
(1 − q)£[ϕ(t,r;q) − uc
0(t,r)] = q~N[ϕ(t,r;q)], (3.7)
subject to the initial condition
ϕ(0,r;q) = uc
0(t,r) = uc(0,r), (3.8)
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where q ∈ [0,1] is the embedding parameter and ~ ̸= 0 is an auxiliary parameter and
£[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
, (3.9)
with the property
£[C] = 0, (3.10)
where C is integral constant. Also from (3.6), we can deﬁne
N[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
+ ϕ(t,r;q) + λ
∫ T
0
k(s,t)ϕ(s,r;q)ds − gc(t,r). (3.11)
When parameter of q increases from 0 to 1, then homotopy solution ϕ(t,r;q) varies from
uc
0(t,r) to solution uc(t,r) of the original equation (3.6).
Using the parameter q, ϕ(t,r;q) can be expanded in Taylor series as follows
ϕ(t,r;q) = uc
0(t,r) +
∞ ∑
m=1
uc
m(t,r)qm,
where
uc
m(t,r) =
1
m!
∂mϕ(t,r;q)
∂mq
|q=0.
Assuming that auxiliary parameter ~ is properly selected so that the above series is con-
vergent when q = 1, then the solution uc(t,r) can be given by
uc(t,r) = uc
0(t,r) +
∞ ∑
m=1
uc
m(t,r). (3.12)
Diﬀerentiating (3.7) and initial condition (3.8) m times with respect to q, then setting
q = 0, and ﬁnally dividing them by m!, we gain the mth-order deformation equation
£[uc
m(t,r) − χmuc
m−1(t,r)] = ~Rm(
− − − →
uc
m−1), (3.13)
subject to the following initial conditions,
uc
m(0,r) = 0, (3.14)
where
Rm(
− − − →
uc
m−1) =
1
(m − 1)!
∂m−1N(ϕ(t,r;q))
∂m−1q
|q=0 (3.15)
=
∂uc
m−1(t,r)
∂t
+ uc
m−1(t,r) + λ
∫ T
0
k(s,t)uc
m−1(s,r)ds − (1 − χm)gc(t,r),
and
− →
uc
m = {u0,u1,··· ,um}, χm =
{
0 m ≤ 1,
1 m > 1.
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3.1 Convergency of HAM for FIDE
Theorem 3.1. (Convergence Theorem) Let the series
∑∞
m=0 uc
m(t,r) be converge uni-
formly to uc(t,r), where uc
m(t,r) ∈ L+([0,T] × [0,1]) is produced by m-order deformation
(3.13), then uc(t,r) is exact solution of (3.6).
Proof: Suppose
∑∞
m=0 uc
m(t,r) converges uniformly to uc(t,r), then clearly
lim
m→∞uc
m(t,r) = 0, for all 0 ≤ t ≤ T, 0 ≤ r ≤ 1. (3.16)
On the other hand from (3.9), since £ is a linear operator thus
n ∑
m=1
£[uc
m(t,r) − χmuc
m−1(t,r)] =
n ∑
m=1
[£[uc
m(t,r)] − χm£[uc
m−1(t,r)]] (3.17)
= £[uc
1(t,r)] + (£[uc
2(t,r)] − £[uc
1(t,r)]) + ··· + (£[uc
n(t,r)] − £[uc
n−1(t,r)])
= £[uc
n(t,r)],
then from (3.10), (3.16) and (3.17) we can write
∞ ∑
m=1
£[uc
m(t,r) − χmuc
m−1(t,r)] = lim
n→∞
£[uc
n(t,r)] = £[ lim
n→∞
uc
n(t,r)] = 0,
hence
~
∞ ∑
m=1
Rm(
− − − →
uc
m−1) =
∞ ∑
m=1
£[uc
m(t,r) − χmuc
m−1(t,r)] = 0.
Since ~ ̸= 0, thus from above equation we can write
∞ ∑
m=1
Rm(
− − − →
uc
m−1) = 0.
Now from Theorem 3.1 and (3.15) we have
0 =
∞ ∑
m=1
[
∂uc
m−1(t,r)
∂t
+ uc
m−1(t,r) + λ
∫ T
0
k(s,t)uc
m−1(s,r)ds − (1 − χm)gc(t,r)]
=
∞ ∑
m=1
∂uc
m−1(t,r)
∂t
+
∞ ∑
m=1
uc
m−1(t,r) + λ
∫ T
0
k(s,t)[
∞ ∑
m=1
uc
m−1(s,r)]ds − gc(t,r)
=
∂uc(t,r)
∂t
+ uc(t,r) + λ
∫ T
0
k(s,t)uc(s,r)ds − gc(t,r).
Therefore uc(t,r) is the exact solution of FIDE and proof is completed. 2
The procedure of proof for ud(t,r) is also similar to stated one with diﬀerent that
k(s,t) should be |k(s,t)|.
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4 Illustrative examples
4.1 Example 1
Let us consider the fuzzy integro-diﬀerential
∂
∂t
u(t,r) + u(t,r) −
∫ 1
0
stu(s,r)ds = (g(t,r),g(t,r)), 0 ≤ t,r ≤ 1, (4.18)
where
u(t,r) = (u(t,r),u(t,r)), g(t,r) = r(1 +
2t
3
), g(t,r) = 8 − r − 4t −
2rt
3
,
and with initial conditions
u(0,r) = 0, u(0,r) = 8.
Exact solution of this fuzzy integro-diﬀerential equation is given by
u(t,r) = (rt,8 − rt).
From (2.3), we have
gc(t,r) =
g(t,r) + g(t,r)
2
= 4 − 2t, gd(t,r) =
g(t,r) − g(t,r)
2
= 4 − r − 2t −
2rt
3
,
and exact solution of related crisp equations are as follows
uc(t,r) =
u(t,r) + u(t,r)
2
= 4, ud(t,r) =
u(t,r) − u(t,r)
2
= 4 − rt.
From (3.11), (4.18) can be written
N[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
+ ϕ(t,r;q) −
∫ 1
0
stϕ(s,r;q)ds − 4 + 2t.
Now, using mth-order deformation equation (3.13) and initial conditions (3.14), we recur-
sively obtain
uc
0(t,r) = uc(0,r) =
u(0,r) + u(0,r)
2
= 4,
uc
1(t,r) = 0,
uc
2(t,r) = 0,
. . .
thus the approximate HAM solution
Uc
m(t,r) =
m ∑
n=0
uc
n(t,r) = 4,
is exactly same as exact solution. Similarly, to approximate ud(t,r), from (3.11), (4.18)
can be written
N[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
+ ϕ(t,r;q) −
∫ 1
0
stϕ(s,r;q)ds − 4 + r + 2t +
2rt
3
,
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therefore, we recursively obtain
ud
0(t,r) = ud(0,r) =
u(0,r) − u(0,r)
2
= 4,
ud
1(t,r) =
1
3
~rt(3 + t),
ud
2(t,r) =
1
72
~rt(24(3 + t) + ~(72 + 45t + 8t2)),
ud
3(t,r) =
1
2880
~rt(960(3 + t) + 80~(72 + 45t + 8t2)
+ ~2(2880 + 2503t + 920t2 + 80t3)),
. . . .
Accordingly, approximate solution obtained by HAM is as follows
Uc
md(t,r) =
m ∑
n=0
ud
n(t,r) = ud
0(t,r) + ud
1(t,r) + ··· + ud
m(t,r),
and Fig. 1 shows the ~-mesh of @
@tUd
10(0,r) to get a proper interval for convergence-
controller parameter. Fig. 2 shows some level curves of ~-mesh for r = 0.1, r = 0.5 and
r = 0.9. Also Fig. 3 exhibit 10th-order approximate solution error for ~ = −0.9, ~ = −1
and ~ = −1.1 respectively.
4.2 Example 2
Let us consider the fuzzy integro-diﬀerential
∂
∂t
u(t,r) + u(t,r) +
∫ 1
0
s2tu(s,r)ds = (g(t,r),g(t,r)), 0 ≤ t,r ≤ 1, (4.19)
where
u(t,r) = (u(t,r),u(t,r)), g(t,r) = r +
5rt
4
, g(t,r) = 12 − 5r + 4t −
25rt
4
,
and with initial conditions
u(0,r) = 0, u(0,r) = 12.
Exact solution of this fuzzy integro-diﬀerential equation is given by
u(t,r) = (rt,12 − 5rt).
From (2.3), we have
gc(t,r) = 6 − 2r + 2t −
5rt
2
, gd(t,r) = 6 − 3r + 2t −
15rt
4
,
and exact solution of related crisp equations are as follows
uc(t,r) =
u(t,r) + u(t,r)
2
= 6 − 2rt, ud(t,r) =
u(t,r) − u(t,r)
2
= 6 − 3rt.
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From (3.11), (4.19) can be written
N[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
+ ϕ(t,r;q) +
∫ 1
0
s2tϕ(s,r;q)ds − 6 + 2r − 2t +
5rt
2
.
Now, using mth-order deformation equation (3.13) and initial conditions (3.14), we recur-
sively obtain
uc
0(t,r) = uc(0,r) =
u(0,r) + u(0,r)
2
= 6,
uc
1(t,r) =
1
4
~rt(8 + 5t),
uc
2(t,r) =
1
24
~rt(6(8 + 5t) + ~(48 + 63t + 10t2)),
uc
3(t,r) =
1
720
~rt(180(8 + 5t) + 60~(48 + 63t + 10t2)
+ ~2(1440 + 3004t + 930t2 + 75t3)),
. . .
Fig. 4 shows the ~-mesh of HAM approximate solution and its level curves are demon-
strated by Fig. 5 for some values of r. Finally in Fig. 6 we see the 15th-order error for
~ = −0.7, ~ = −0.8 and ~ = −1. Similarly, to approximate ud(t,r), from (3.11), (4.19)
can be written
N[ϕ(t,r;q)] =
∂ϕ(t,r;q)
∂t
+ ϕ(t,r;q) +
∫ 1
0
s2tϕ(s,r;q)ds − 6 + 3r − 2t +
15rt
4
,
some of the ﬁrst HAM approximate sentences are given as follows
ud
0(t,r) = ud(0,r) =
u(0,r) − u(0,r)
2
= 6,
ud
1(t,r) =
3
8
~rt(8 + 5t),
ud
2(t,r) =
1
16
~rt(6(8 + 5t) + ~(48 + 63t + 10t2)),
ud
3(t,r) =
1
480
~rt(9180(8 + 5t) + 60~(48 + 63t + 10t2)
+ ~2(1440 + 3004t + 930t2 + 75t3)),
. . . .
To clarify the precision of HAM for FIDE ﬁrstly we ﬁnd the suitable values for ~ by Fig. 7
and its level curves shown in Fig. 8 then we shows the errors of 15’th approximate solution
i.e. Ud
15(t,r) − ud(t,r) for diﬀerent values of ~ by Fig. 9.
5 Conclusions
In this paper homotopy analysis method has been implemented to derive exact and ap-
proximate analytical solutions for fuzzy integro-diﬀerential equations. Obtained results
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show that we can control the convergence region of HAM series solution by the auxiliary
parameter ~. Convergence theorem and given illustrative examples shows the eﬃciency
and accuracy of the HAM.
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Figure 1: The ~-mesh of @
@tud(t,r)|t=0 with 10th-order approximation i.e. @
@tUd
10(t,r)|t=0
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Figure 2: The ~-curve of @
@tud(t,r)|t=0 with 10th-order approximation for (a) r = 0.1; (b)
r = 0.5; (c) r = 0.9.
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Figure 3: Error of 10th-order approximate solution by metric D for Example 1 with respect
to (a)~ = −0.9; (b)~ = −1;
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Figure 4: The ~-mesh of @
@tuc(t,r)|t=0 with 15th-order approximation i.e. @
@tUc
15(t,r)|t=0
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Figure 5: The ~-curve of @
@tuc(t,r)|t=0 with 15th-order approximation for (a) r = 0.1; (b)
r = 0.5; (c) r = 0.9.
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Figure 6: The ~-mesh of @
@tud(t,r)|t=0 with 15th-order approximation i.e. @
@tUd
15(t,r)|t=0
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Figure 7: The ~-curve of @
@tud(t,r)|t=0 with 15th-order approximation for (a) r = 0.1; (b)
r = 0.5; (c) r = 0.9.
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Figure 8: Error of 15th-order approximate solution by metric D for Example 2 with respect
to (a)~ = −0.8; (b)~ = −0.9;
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